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Overview
Overview

1 Basic Concepts
Time Series
Unit Roots
Spurious Regression
Equilibrium
Error Correction
Cointegration

2 Unit Root Tests
3 The Practical Problems of Pre-Testing
4 The Test We Want
5 Application: Labour Party Vote Intention

Big Ideas
Uncertainty is endemic to applied time series analysis.
This uncertainty is not reflected in conventional approaches.
The bounds approach resolves this problem.
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Basic Concepts - Time Series Analysis

Time series analysis - the application of statistical tools to time
series data for the purposes of hypothesis testing and inference.
Time series data - chronological sequences of observations
produced by regularly and repeatedly measuring some
characteristic(s) of the same phenomenon over time.
We often assume our data are randomly generated. When we say
variables are independent and identically distributed random
variables (IID) we are making assumptions about the data.

The observations are independent of one another.
The observations have no meaningful order.

Time series data are not IID.
The observations are not necessarily independent.
The observations do have a meaningful order.
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Basic Concepts - Unit Roots

Including lags of X and Y changes the way we interpret OLS
regression models. We use the Long Run Multiplier (LRM).
In a static model the coefficient is equivalent to the effect.

yt = α0 + βxt + ut The effect of X is β

In a dynamic model the effect of X on Y is given by the LRM.
The effect of X propagates into Y over time.

yt = α0 + α1yt−1 + βxt + ut The effect of X is β

1 − α1

The shock at t is discounted in future periods because α1 < 1.
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Basic Concepts - Unit Roots

Consider the following first-order autoregression.

yt = α0 + α1yt−1 + εt; yt−1 = α0 + α1yt−2 + εt−1

= α0 + α1(α0 + α1yt−2 + εt−1) + εt

= α0 + α1α0 + α2
1yt−2 + α1εt−1 + εt

= α0 + α1α0 + α2
1(α0 + α1yt−3 + εt−2) + α1εt−1 + εt

= α0 + α1α0 + α2
1α0 + α3

1yt−3 + α2
1εt−2 + α1εt−1 + εt

= α0(1 + α1 + α2
1 + . . .+ αt−1

1 ) + αt
1y0 +

t−1∑
0
αi

1εt−i

= αt
1y0 + α0

t−1∑
i
αi

1 +
t−1∑
i=0

αi
1εt−i
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Basic Concepts - Unit Roots

yt is a progressively discounted summation of everything that
happened in the past, the series exhibits exponential decay.

yt = αt
1y0 + α0

t−1∑
i=0

αi
1 +

t−1∑
i=0

αi
1εt−i

This progressive discounting property hinges on the value of α1;
time series are classified as I(0) or I(1) based on the value of α1.

Stationary: |α1| < 1
Non-Stationary / Unit Root : |α1| ≥ 1

- |α1| = 1 integrated - shocks don’t decay.
- |α1| > 1 explosive - previous shocks grow.

A series is integrated of order d, where d is the number of times
the series would need to be differenced ∆yt = yt − yt−1 for the
series to be stationary; stationary (I(0)), unit root (I(1)).
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Basic Concepts - Unit Roots

There are four types of non-stationarity we are likely to observe.
Consider the following, general, autoregressive equation:

yt = α0 + α1yt−1 + ηt + εt

The variety of non-stationarity depends on:
The value of the autoregressive parameter α1, and
The deterministic components

Two types of deterministic components impart trending behavior,
cause the series Yt to increases or decreases over time.

Drift: The series has a constant, α0 ̸= 0.
Trend: The series is a linear function of time, η ̸= 0.

The values of α1, α0, and η determine the trajectory of the series.
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Basic Concepts - Unit Roots

Combinations of α1, α0, and η that produce stationary processes.
If α0 = η = α1 = 0, yt is white noise.

yt = εt

If α0 = η = 0 and |α1| < 1, yt is stationary and E[Y] = 0

yt = α1yt−1 + εt

If η = 0, α0 ̸= 0 and |α1| < 1, yt is stationary and E[Y] = α

yt = α0 + α1yt−1 + εt
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Basic Concepts - Unit Roots

If α0 = η = 0 and |α1| = 1, random walk.

yt = yt−1 + εt

If η = 0, α0 ̸= 0, and |α1| = 1, random walk with drift.

yt = α0 + yt−1 + εt

If η ̸= 0, α0 = 0, and |α1| = 1, random walk with trend.

yt = yt−1 + ηt + εt

If η ̸= 0, α0 ̸= 0, |α1| = 1, random walk with trend and drift.

yt = α0 + yt−1 + ηt + εt
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Basic Concepts - Unit Roots

There is a final possibility is that is not shown above.
If η ̸= 0, α0 = 0 or α0 ̸= 0, and |α1| < 1, yt is trend stationary.

yt = α0 + α1yt−1 + ηt + εt

The series is increasing over time and appears to be trending.
The series does not integrate previous shocks.
The series is stationary around the trend, and you can model
the series as a stationary process if you “control for” the trend.

You can detrend a variable by regressing the series on a counter /
date variable, or you can include the counter / date in a regression.

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Basic Concepts - Spurious Regression

The Spurious Regression Problem
Yule (1926) showed that regressions involving independent unit
root processes tend to produce spurious or nonsense results.
Consider two, independent, unit root processes:

yt = α1yt−1 + ut and xt = ρ1xt−1 + ϵt

The regression of yt on xt will produce
Significant t-statistic for βYX

R2 > 0
The problem gets worse as T → ∞.
Both series are randomly walking. As T increases, the chances that
they will randomly walk together for some period increases as well.
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Basic Concepts - Spurious Regression
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Basic Concepts - Spurious Regression
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Basic Concepts - Spurious Regression
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Basic Concepts - Equilibrium

Equilibrium
An equilibrium state is:

A state in which there is no inherent tendency to change. A
disequilibrium is any situation that is not an equilibrium and
hence characterizes a state that contains the seeds of its own
destruction. (Banerjee et al. 1987)

As social scientists, it is useful to think about equilibria as
relationships among variables, or as equilibrium relationships.
In time series, a long run equilibrium is:

The relationship to which a system converges to over time.

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Basic Concepts - Equilibrium

When we estimate relationships among variables, we assume our
sample relationship is representative of the equilibrium relationship.
For a variable Y, with respect to another variable X, there are
three types of equilibrium relationships that could exist:

1 A stationary unconditional equilibrium
2 A stationary conditional equilibrium
3 A cointegrating equilibrium
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Basic Concepts - Equilibrium

Consider the bivariate model:

Yt = α0 + α1Yt−1 + β1Xt + β2Xt−1 + εt

A stationary unconditional equilibrium exists when:
Yt is a stationary process, α1 < 1.
Yt has it’s own equilibrium, α0.
Yt is not related to Xt, β1 = β2 = 0

Because β1 = β2 = 0, the value of Yt does not depend on, is not
conditioned on, Xt or its lags. It returns to its long run mean.
To illustrate, consider a unit root process (X) and a stationary
process (Y), two super-interesting political economy time series.
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Basic Concepts - Equilibrium
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Basic Concepts - Equilibrium
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Basic Concepts - Equilibrium
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Basic Concepts - Equilibrium

Next, imagine that our two super-interesting political economy
time series (X) and (Y) are stationary processes that are related.
Again we have the bivariate model

Yt = α0 + α1Yt−1 + β1Xt + β2Xt−1 + εt

A stationary conditional equilibrium exists when:
Yt still has its own equilibrium, α0.
But Yt is related to Xt:

- β1 ̸= 0,
- β2 ̸= 0, or
- β1 ̸= 0 and β2 ̸= 0

This is the type of relationship we model with an autoregressive
distributed lag (ADL) model or one of its restricted specifications.
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Basic Concepts - Equilibrium

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Basic Concepts - Equilibrium
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Basic Concepts - Equilibrium

In both cases, Y has a stationary equilibrium it returns to, α0.
This equilibrium is the stationary point toward which the series
tends to return to whenever it moves away. The series is at its
equilibrium when the following condition is met

yt = α0

In most time periods, however, the series (Y) will not be at its
equilibrium. It will be away from its equilibrium:

yt = α0 + zt

Where zt may be called equilibrium error. Stationary series have
stationary equilibria and they tend to “prefer” smaller values of zt.
The rate at which zt is reduced, which is the rate that yt returns to
its equilibrium (α0), is the error correction rate.
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Basic Concepts - Error Correction

Error Correction
All stationary time series have an error correction rate.
Consider our models from above:

Yt = α0 + α1Yt−1 + β1Xt + β2Xt−1 + εt

The error correction rate is calculated:

α1 − 1

This formula highlights the relationship between the persistance we
observe in a time series and the observed error correction rate.

If α1 is closer to 1, the error correction rate is slower.
If α1 is closer to 0, the error correction rate is faster.
If α1 = 0, the series returns to its equilibrium in every period.

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Basic Concepts - Cointegration

Cointegration
An integrated series does not have a stationary equilibrium.

There is no constant α0 that it tends to cross.
The error zt is theoretically infinite, there is no correction.
Any sample will have a mean. It is possible that a series will
cross this mean due to random chance but the mean of the
series is not an equilibrium, it is incidental to the sample.

It is possible for an integrated series to have an equilibrium
relationship with respect to another integrated series.
We call this phenomenon, cointegration
Two series are said to be co - integrated if both series are
integrated of the same order I(d) but there is a linear combination
of the series that produces a stationary I(0) process.
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Basic Concepts - Cointegration

Consider two random walk processes:

Yt = Yt−1 + εt And Xt = Xt−1 + εt

These series are combined

Yt = β1Xt + νt such that νt = Yt − β1Xt

If νt is an I(0) process, the series are cointegrated.
The νt series doesn’t drift far from zero because X and Y never
drift too far apart. They wander, but they wander together.
This final variety of equilibrium relationship is referred to as a
Cointegrating Equilibrium. X and Y do not have their own
equilibriums but they are in equilibrium with one another.
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Basic Concepts - Cointegration
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Basic Concepts - Cointegration
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Basic Concepts - Cointegration

−6

−4

−2

0

2

4

0 200 400 600 800 1000

N
u

 −
 T

h
e

 E
q

u
il
b

ri
u

m
 E

rr
o

r 
fo

r 
X

 a
n

d
 Y

Time

Who Nu Two Unit Roots Could Move Together

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Basic Concepts - Cointegration

Cointegration is a “rare phenomenon.” It is rare that there is a
constant (β1) that will allow ν to be a stationary series.

Engle, Robert and C.W.J. Granger. 1987. “Cointegration and
Error Correction: Representation, Estimation, and Testing.”
Econometrica 55(2): 251-76.

That said, there are some instances where theory would cause us
to expect to observe cointegrating equilibria.

The relationship between short and long term interest rates
Capital appropriations and expenditures
Prices of the same commodity in different markets

Of course, it is not sufficient to just have a conjecture about the
presence of cointegration. We will learn how to:

1 Test for the presence of cointegrating equilibria, and
2 Use error-correction models to model these equilibria.
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How Can We Identify Unit Roots?

Question: Is my time series stationary or non-stationary?
If I have trend or drift, it’s easy to tell.
If not, Y might be a unit root or just strongly autoregressive.
I may have a trend stationary series.

For simplicity, consider an AR(1) process

yt = α1yt−1 + εt

We want to know whether α1 ≤ 1.0, why not use tα1 =
α1

SE(α1)
?

Classical hypothesis tests won’t work. If the true DGP is a
unit root, the central limit theorem does not apply.
We can calculate a t-test but Dickey and Fuller (1979) show
that the distribution for this statistic is not t-distributed.
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How Can We Identify Unit Roots?

The Dickey-Fuller Test
Dickey and Fuller (1979) solve this problem by subtracting yt−1
from both sides, writing the first order process in differences.

yt − yt−1 =α1yt−1 − yt−1 + εt

∆yt =(α1 − 1)yt−1 + εt

∆yt =γyt−1 + εt

In the final equation, γ = α1 − 1. Testing the null hypothesis
γ = 0 is the same as testing the null hypothesis α1 = 1.

If α1 = 1, then γ = 0. This means yt−1 cancels out; ∆yt are
just random shocks because yt is a random walk.

If α1 < 1, then γ < 1, and yt−1 is stationary.
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How Can We Identify Unit Roots?

We estimate the Dickey Fuller regression using OLS:

∆yt = γ̂yt−1 + εt

A t-like test on γ̂ can tell us if γ = 0 but the central limit theorem
does not apply to this test statistic and tγ is not t distributed.
The test statistic is Dickey-Fuller distributed. The distribution is
predictable. Dickey and Fuller (1979) tabulated the critical values
under the null that the series is non-stationary.
This is why we say the test statistic is Dickey-Fuller distributed.
Note: γ̂ will, typically, be negative, so the test statistic (tDF) will
also be negative. To reject the unit root null, tDF < t∗DF.

If we reject the null, we conclude yt is stationary.
If we fail to reject the null, yt contains a unit root.
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How Can We Identify Unit Roots?

The basic DF test is based on an Auxiliary OLS regression.

∆yt = γ̂yt−1 + εt

The actual test is a t-like test on the coefficient for yt−1.

tDF =
γ̂

SE(γ̂)
It’s t-like because the statistic isn’t distributed t. Otherwise
inference proceeds like the t-test for β̂ from an OLS model.

t = β̂

SE(β̂)
Simple enough, so what’s the big deal?
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How Can We Identify Unit Roots?

In addition to having a non-standard distribution, the Dickey-Fuller
test is very sensitive to how the auxiliary model is specified.
The auxiliary regression is an OLS regression, so it relies on the
OLS assumptions. Three assumptions are particularly important:

No autocorrelation
The model is correctly specified.
No heteroskedasticity

These assumptions mean that we have to be very careful about
how we set up the test regression before we go to interpret the test.
Getting the test regression right turns out to be a little involved.
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How Can We Identify Unit Roots?

Modified versions of the Dickey-Fuller test, and a number of
alternative tests, have been proposed to classify series.

Augmented Dickey-Fuller Test (1979) - ADF Test
Phillips-Perron Test (1988) - PP Test
Kwiatokowksi, Phillips, Schmidt, and Shin (1992) - KPSS Test
Elliott, Rothenberg, and Stock (1996) - DF-GLS Test
Schmidt, Peter and Peter Phillips (1992) - SPP LM Test
Zivot and Andrews (2002) - Breakpoint Test
Lo and MacKinlay (1988) - Variance Ratio Test
Lo (1989) - Modified Rescaled Range Test
…

The application of these tests bedeviled by a number of problems.
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The Practical Problems of Pretesting

We are often interested in long-run relationships between some
(set of) independent variable(s), X, and some process, Y.
Traditional approaches have three steps:

1 Use pre-tests to identify the orders of integration and
univariate properties of each time series,

2 Choose an appropriate model and hypothesis testing
framework based on these results, and

3 Draw inferences from the model.
Fundamental Problem: There is uncertainty in the first step of
the process that is not reflected in the steps that follow.
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The Practical Problems of Pretesting

The tests commonly used to classify time series as stationary or
unit root processes are notoriously unreliable.
Factors complicating unit root testing procedures:

1 The tests have low power
2 Test choice depends on knowledge of deterministics
3 Lag length and lag-truncation
4 Level of significance

Pre-tests often produce inconclusive and conflicting results.
There are no criteria we can use to arbitrate among these results.
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The Practical Problems of Pretesting
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Ambiguities in testing for LRRs

Consider the ADL(1,1) model:

yt = α0 + α1yt−1 + β0xt + β1xt−1 + et

DeBeof and Keele (2008) show that it can be expressed as:

∆yt = α0 + β∗0∆xt + α∗
1yt−1 + β∗1xt−1 + et

This GECM can also be expressed as:

∆yt = α0 + β∗0∆xt + α∗
1(yt−1 − λxt−1) + et

where
λ is the long run multiplier.
yt−1 − λxt−1 measures the disequilibrium between y and x.
α∗

1 is the error correction rate.
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Ambiguities in testing for LRRs

The final model is estimated as a GECM but there are important
equivalencies among the parameters of the ADL and the GECM.
Impact Multipliers

β∗0 = β0

α∗
1λ = β∗1 = β0 + β1

Long Run Multiplier
λ = −β∗

1
α∗

1
in the GECM, and

λ = β0+β1
1−α1

The constant (α0) is the same in every representation.
The interpretations of all these models depend on one’s ability to
classify their series as stationary or non-stationary time series.
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Ambiguities in testing for LRRs

Consider testing for a long run relationship using the GECM
If we know we have all unit roots:

- Inference about a LRR depends on the hypothesis that α∗
1 = 0.

- This is a test for a cointegrating equilibrium relationship.
- The test statistic for α∗

1 is non-standard.
- If α∗

1 = 0, λ is undefined.
If we know all the data are stationary:

- The null α∗
1 = 0 is that yt has no equilibrium.

- The alternative is trivial, we expect to reject the null.
- If y is classified as stationary, α∗

1 ̸= 0.
- This result does not depend on λ or β∗

1

The value of α∗
1 changes over different levels of ρy.
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Ambiguities in testing for LRRs
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Ambiguities in testing for LRRs

For a stationary series, the α∗
1 coefficient is capturing the speed of

mean reversion. It doesn’t tell us something special about the
relationship between X and y.
One will almost always reject the null hypothesis with respect to
the error correction coefficient whether or not y is a function of X.
The Problem: Inference based on the GECM (or α∗

1) cannot
discern conditional equilibria from unconditional equilibria absent
CERTAINTY about the univariate properties of the data.

Rejecting α∗
1 = 0 might imply cointegration, or not.

α∗
1 might measure the ECR between y and x, or not.

Finding α∗
1 = 0 might mean λ = β∗1 = 0, or not.

The Solution: A hypothesis testing procedure that does not
require certainty about the univariate properties of the data.
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A Bounds Approach to Inference using the LRM

The Logic
Consider the bivariate GECM from before:

∆yt = α0 + β∗0∆xt + α∗
1yt−1 + β∗1xt−1 + et

The LRM, λ = −β∗
1

α∗
1
, gives the total effect of a change in x on y.

A conditional LRR can only exist if λ ̸= 0.

This requires that
The numerator is non-zero: β∗1 ̸= 0.
The denominator is non-zero: α∗

1 ̸= 0.

A test on the LRM is a simultaneous test on β∗1 and α∗
1.
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A Bounds Approach to Inference using the LRM

If both X and Y are unit roots:
Cointegration means α∗

1 ̸= 0.
This only occurs if X and Y are related, β∗1 ̸= 0.
The numerator and the denominator are non-zero.
If they are not cointegrated, λ is undefined.

If both x and y are stationary:
By definition, α∗

1 cannot be 0.
If X and Y are linked, β∗1 ̸= 0.
The numerator and the denominator are non-zero.
If they are not related, λ = β∗1 = 0.

This logic extends to models with multiple regressors and other
dynamically complete (balanced) specifications.
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A Bounds Approach to Inference using the LRM

This is the test we want!
The test for the significance of the LRM in any dynamic regression
is a test of a conditional long run relationship between X and Y,
regardless of the univariate properties of the data.
There are only two possibilities:

Reject: There is a LRR between X and Y.
Fail to Reject: There is not a LRR between X and Y.

The Complication: The standard error for the LRM is not
directly estimated in the GECM or the ADL.
One can, however, retrieve the LRM using either the Bewley
Instrumental Variable Regression or the Delta Method.
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A Bounds Approach to Inference using the LRM

The Bewley Method
This standard error can be estimated using the Bewley ECM. The
Bewley is estimated as an instrumental variable (IV) regression.
The first (instrument) stage for an ADL(1,1;1) takes the form

∆Ŷt = α0 + α1Yt−1 + β0X1 + β1Xt−1 + νt

The second (endogenous) stage takes the form

Yt = ϕ0 − ϕ1∆Ŷt + ψ0Xt − ψ1∆Xt + µt

where, ϕ0 = α0
1−α1

, ϕ1 = 1
1−α1

, ψ0 = β0+β1
1−α1

, ψ1 = β1
1−α1

, µt =
εt

1−α1
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A Bounds Approach to Inference using the LRM

The coefficient on Xt in the second stage of the model (ψ0) is the
long run multiplier for the ADL(1,1;1).

ψ0 =
β0 + β1
1 − α1

LRM(Xi) =
β0 + β1
1 − α1

We can use the coefficient, standard error, and t-test from this
model to test the null that the LRM(Xt) = 0.
Restricted versions of the Bewley ECM are used to retrieve the
standard errors for the restricted models.

Type Stage 1 Stage 2
Autoregressive Distributed Lag ∆ŷt = α0 + α1yt−1 + β0xt + β1xt−1 + νt yt = ϕ0 + ϕ1∆ŷt + ψ0Xt + ψ1∆Xt + εt
Partial Adjustmenta ∆ŷt = α0 + α1yt−1 + β0xt + νt yt = ϕ0 + ϕ1∆ŷt + ψ0Xt + εt
Staticb NA NA
Finite Distributed Lagc NA NA
Dead Starte ∆ŷt = α0 + α1yt−1 + β1xt−1 + νt yt = ϕ0 + ϕ1∆ŷt + ψ1Xt−1 + εt
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A Bounds Approach to Inference using the LRM

ADL PA Static FDL DS
LRM 85.11 60.25 12.03 17.07 25.10
SE(LRM) 0.34 0.32 0.05 0.11 0.32
t/F 253.70 185.89 224.55 80372.70 79.01

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

A Bounds Approach to Inference using the LRM

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Interpretation

The Delta Method
The delta method is a general method for deriving the variances
for functions of random variables with known variances.
The coefficients from the regression are, themselves, random
variables. So we can use the delta method to estimate the second
moment of the ratio of these variables.
For more infomration: Details on the Delta Method
We applied the Delta Method to find the standard errors in the
Labour Vote Intention example from Webb, Linn, and Lebo (2020).
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A Bounds Approach to Inference using the LRM

The Bounds
If we have our LRM and a standard error for the LRM, we have
everything we need, right? Unfortunately, no.
We have already established that the distribution for our test
statistic on α∗

1 can change depending on:
The presence of a constant/drift term, c0

The presence of a trend, ct

The number of independent variables, k
The number of observations, T
The classification of y

All of these things can affect the distribution of tLRM.
tLRM also varies based on the autoregressive properties of x and y
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A Bounds Approach to Inference using the LRM

What do we observe?
1 The pattern is the same in both panels.
2 The critical values are standard normal for both sample sizes

when y is white noise, regardless of the dynamics in x.
3 As y becomes more autoregressive, the appropriate critical

values fan out based on the degree of autocorrelation in x.
4 The upper and lower limits of the critical values are the same

in both panels. These are the bounds for the critical values.
Conclusion: While the critical values vary substantially within the
upper and lower limits based on ρx and ρy across the two sample
sizes, the upper and lower limits are constant across sample sizes.
We have unpredictable critical values but predictable value bounds.
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A Bounds Approach to Inference using the LRM

We have observed the bounds in a single case:

yt = ρyyt−1 + eyt and xt = ρxxt−1 + ext

We want to know how these bounds behave under other conditions:
Different numbers of independent variables, k
Different deterministic elements, c0 and ct

Different sample sizes
If the bounds behave predictably, we can establish bounds for
specific conditions and a general set of bounds.
The next slide shows the critical values for three independent
variables (k = 3) using three independent time series.
Note: The bounds are set by the null condition. In the next slide y
is not a function of x1, x2, or x3.
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A Bounds Approach to Inference using the LRM

For a given set of deterministic components (c0 = ct = 0), a given
sample size, and a given number of independent variables (k = 3);
the upper and lower bounds are set by the conditions where:

Lower Bound: y is I(1) and all x are I(0)
- Intuition: y and X are least similar.
- Least likey that y and X will appear related.

Upper Bound: y is I(1) and exactly one x is I(1)
- Intuition: y and one x are very similar.
- This increases the possibility of spurious regression.
- The opportunity for spurious covariation among the elements

of X increases as the number of I(1) k increases.
- This covariation has the same effect as multicollinearity.

Next, we want to extend this to different numbers of independent
variables (k) and different deterministic components (c0 and ct).
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A Bounds Approach to Inference using the LRM

What do we observe?
1 Within deterministic components, the upper and lower bounds

are relatively stable across k and T.
2 We see variation across the lower and upper bounds based on

the deterministic components.
- The highest upper bounds exist for c0 = ct = 0.
- The lowest lower bounds exist for c0 ̸= and ct ̸= 0.

3 There are not major differences among the deterministics.
The results for the upper and lower bounds across conditions are,
again, a result of the similarities between y and the elements of X.
These results establish conditions for a general set of bounds that
combine the highest upper bounds and the lowest lower bounds.
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A Bounds Approach to Inference using the LRM

Webb, Linn, and Lebo (2019) establish a general set of bounds.

Webb, Linn, and Lebo (2020) extend these bounds.
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A Bounds Approach to Inference using the LRM

T = 25 T = 50 T = 75 T = 150 T = 500 T = 1000

k LB UB LB UB LB UB LB UB LB UB LB UB

α = .01
1 1.86 6.34 1.53 5.94 1.43 5.92 1.35 5.84 1.32 5.85 1.32 5.74
2 1.91 6.17 1.54 6.00 1.44 5.99 1.36 5.75 1.32 5.83 1.30 5.81
3 1.99 6.16 1.55 5.97 1.46 5.86 1.35 5.86 1.32 5.84 1.30 5.77
4 2.08 6.06 1.55 5.93 1.43 5.70 1.36 5.75 1.32 5.71 1.31 5.82
5 2.21 6.18 1.56 5.75 1.44 5.68 1.37 5.75 1.34 5.68 1.30 5.79

α = .05
1 1.25 3.85 1.09 3.68 1.04 3.68 1.02 3.65 1.00 3.66 0.99 3.62
2 1.27 3.71 1.09 3.69 1.05 3.68 1.02 3.66 0.99 3.67 0.99 3.61
3 1.30 3.63 1.10 3.56 1.07 3.62 1.01 3.62 0.99 3.62 0.99 3.61
4 1.33 3.60 1.10 3.60 1.05 3.60 1.02 3.62 0.99 3.60 0.99 3.64
5 1.40 3.55 1.11 3.53 1.07 3.56 1.02 3.56 1.00 3.60 0.99 3.62

α = .10
1 0.99 2.88 0.89 2.79 0.86 2.80 0.84 2.77 0.83 2.80 0.82 2.76
2 1.00 2.75 0.89 2.77 0.87 2.77 0.85 2.77 0.83 2.76 0.83 2.76
3 1.01 2.71 0.90 2.69 0.87 2.73 0.84 2.75 0.83 2.77 0.83 2.74
4 1.04 2.67 0.90 2.71 0.87 2.71 0.84 2.74 0.83 2.75 0.83 2.75
5 1.08 2.57 0.90 2.64 0.88 2.67 0.84 2.73 0.84 2.73 0.83 2.76
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A Bounds Approach to Inference using the LRM

Applying the Bounds
The bounds are easy to use.

Step 1: Specify a dynamic model.
Step 2: Calculate the LRM and the SE(LRM).
Step 3: Calculate tLRM = LRM

SE(LRM) .
Step 4: Compare tLRM to the bounds.

Interpretation
- Below: Fail to reject the null.
- Beyond: Reject the null.
- Between: Uncertain

The area of indeterminacy may seem unsatisfying, but this
uncertainty was always present. Now the uncertainty is explicit.
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A Bounds Approach to Inference using the LRM

Figure: Vote Intentions for Labour, Prime Ministerial Approval, and
Leader of Opposition Approval, May 1997-April 2010
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Example - Wolak and Peterson (2020)

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Example - Wolak and Peterson (2020)

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Example - Wolak and Peterson (2020)

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Example - Wolak and Peterson (2020)

www.claytonmwebb.com Beyond the Unit Root Question

www.claytonmwebb.com


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

A Bounds Approach to Inference using the LRM

There are costs and benefits to this approach.
The costs to the bounds approach:

The area of indeterminacy
Uncertainty about the type of equilibrium

The benefits to the bounds approach:
Classification uncertainty is reflected in the hypothesis test.
Our inferences do not rely on unit root tests.

Pre-testing is still an important part of time series.
If we can classify our series, we can use the information to
interpret the the relationships in the data.
But …
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For more information:
Webb, Clayton, Suzanna Linn, and Matt Lebo. 2019. “A Bound
Approach to Inference Using the Long Run Multiplier.” Political
Analysis 27(3): 281-301.
Webb, Clayton, Suzanna Linn, and Matt Lebo. 2020. “Beyond the
Unit Root Question: Uncertainty and Inference.” American Journal
of Political Science 64(2): 275-292.
Replication materials for both papers can be found at
https://www.claytonmwebb.com
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